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ONE-DIMENSIONAL CHERN-SIMONS THEORY 



ANTON ALEKSEEV AND PAVEL MNEV 



Abstract. We study a one-dimensional toy version of the Chern-Simons the- 
ory. We construct its simphcial version which comprises features of a low- 
energy effective gauge theory and of a topological quantum field theory in the 
^-^, sense of Atiyah. 
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1. Introduction 

We begin (see section [2|) by considering a one-dimensional version of the Chern- 
Simons theory on a circle. This is a gauge theory in the Batalin-Vilkovisky formal- 
ism defined by the action 

(1) ^J{^,d^P) + {^,[A,^]), 

where the field ip is an odd function on the circle with values in a quadratic Lie 
algebra g, and the field A is an even 1-form with values in g. We address the 
problem of constructing an effective BV action induced on a triangulation of the 
circle. 

This problem is interesting by itself since it is related to discretization of differ- 
ential geometry. Indeed, the action ([T]) can be viewed as a generating function for 
natural operations on differential forms on the circle: the de Rham differential, the 
wedge product and the integral over the circle (more precisely, it is a generating 
function for a unimodular cyclic DGLA structure on g- valued forms, cf. [7]). In 
this language, the effective action on a triangulation is a generating function for 
some discretized (homotopy) version of this structure induced on cochains of the 
triangulations (viewed as discrete differential forms). 

Another motivation for studying the effective action for ([IJ is that it might give 
a new insight for constructing a discrete version of the 3-dimensional Chern-Simons 
theory. Such a discrete Chern-Simons theory would allow to compute invariants 
of 3-manifolds as finite-dimensional integrals, and it would be compatible with 
the gauge symmetry (i.e. it would satisfy the Batalin-Vilkovisky quantum master 
equation) . 

The effective action for the one-dimensional Chern-Simons theory on a triangu- 
lated circle turns out to be given by an explicit but somewhat bizarre formula (|42|) . 
It immediately raises a number of questions. For instance, the result is expected to 
satisfy the quantum master equation (QME) and to be compatible with simplicial 
aggregations (merging several 1-simplices of the triangulation). How can we check 
this directly? Another desire is to represent the result (|42|) in a "simplicially-local" 
form. 

It turns out that answers to these questions come from the following construction. 
We give a new definition of the one-dimensional simplicial Chern-Simons theory in 
the "operator formalism", i.e. in the language of Clifford algebras Cl{g) (section 
I3.2.I[) . The partition function for a simplicial complex is an element of Cl{g)^'^ 
(where i is half the number of boundary points of the simplicial complex), and 
it given by a product of local C/(g)-valued expressions (pT|) for 1-simplices. In 
particular, for a triangulated circle the partition function takes values in numbers 
(and it also depends on simplicial "bulk fields" ) . In section 14.4.21 we establish 
the equivalence between the operator formalism and the path integral formalism of 
section [2] Consistency with simplicial aggregations is checked straightforwardly in 
the operator language (section [3.2.2p . The partition function for an interval can be 
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shown to satisfy equation (|68l) : 

^ d d ^ 1 



6 



= 



which is interpreted as a version of the quantum master equation adjusted for 
the presence of the boundary. This immediately implies the QME with boundary 
contributions for arbitrary one-dimensional simplicial complex (j73p and the usual 
QME for the triangulated circle (|H)) . 

To formulate one-dimensional simplicial Chern-Simons theory in the spirit of 
Atiyah's axioms of TQFT fsection [4.2p . we choose a complex polarization of g: 

(which can always be introduced if q is even-dimensional; however, by introducing 
a complex polarization we break the 0(g)-symmetry of the original problem). The 
Clifford algebra CI{q) is isomorphic to the matrix (super-)algebra End(A*()) — 
End(Fun(nf))). Therefore, the space of states associated to a point in the one- 
dimensional Chern-Simons theory is T-Lpt = Fun(n()) — the super vector space of 
polynomials in (dimg)/2 odd variables. The super-space T-Lpt is endowed with an 
odd third-order differential operator 5. One-dimensional "cobordisms" are now 
equipped with triangulations. To a triangulated cobordism Q we associate the 
"space of bulk fields" J^q""^, equipped with the BV Laplacian Aq""^. The partition 
function for a triangulated cobordism satisfies the quantum master equation (I80p . 
In addition to the operations of gluing and disjoint union (which are standard in 
Atiyah's picture), simplicial aggregations are allowed for triangulated cobordisms. 
The original continuum theory can be thought of as the simplicial theory in the 
limit of dense triangulation. 

Matrix elements of the partition function for a triangulated cobordism can be 
written as path integrals for the one-dimensional Chern-Simons with BV gauge 
fixing in the bulk and holomorphic-antiholomorphic boundary conditions (section 
I4.4.2p . This brings us back to the formalism of effective BV actions. The action for 
an interval is given by a Gaussian integral and it is easy to compute it explicitly 

(Ha. 

1.1. Acknowledgements. We wish to thank Alberto Cattaneo and Andrei Losev 
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by the grants of the Swiss National Science Foundation number 200020-129609 and 
200020-126817; P. M. acknowledges partial support by SNF Grant 200020-121640/1 
and by RFBR Grants 08-01-00638, 09-01-12150. 

1.2. Authorship. The idea of looking at the one-dimensional Chern-Simons the- 
ory and some parts of section [3] (operator formalism approach) are joint work of 
both authors (the idea to use operator formalism for the one-dimensional Chern- 
Simons theory was suggested by A. A.). Other parts of the paper are due to P. 

M. 

2. Simplicial Chern-Simons theory on the circle 

In this section we study the Chern-Simons theory on the circle in Batalin- 
Vilkovisky (BV) formalism and construct an effective BV action induced on cochains 
of a triangulation. Much of this discussion is inspired by [7] and [14] . In particular. 
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the reader is referred to sections 2 and 3.2 of [7] for details of the effective BV action 
construction. 

2.1. Continuum theory on the circle: fields, BV structure, action. Let g be 

a quadratic Lie algebra with Lie bracket [, ] and non-degenerate ad-invariant pairing 
(, ). We will denote by {T"} an orthonormal basis in g and by f"'"' = (T", [T^ T'']) 
the structure constants in this basis. We will also use the Einstein summation 
convention for the Lie algebra indices. 

The Chern-Simons theory on a 3-manifold M can be constructed as an AKSZ 
sigma model 1 with the space of fields 

J" = Maps(nTA/, Hg) = Hg ® n'{M). 

That is, T is the space of maps of super-manifolds from the parity-shifted tangent 
bundle of M to the parity-shifted Lie algebra. Equivalently, this is the space of 
differential forms on M with values in Hg. From the canonical integration measure 
on HTM and thew even symplectic structure wng — ^SX°- ASX"^ on Ilg (we denote 
by {X"'} the set of odd coordinates on Ilg associated to the orthonormal basis {T°} 
on g) one constructs an odd symplectic form (the "BV 2-form") on T: 

(2) Lo^l f i6a,Sa). 

^ Jm 

Here the superfield a is the canonical odd map (the parity-shifted identity operator) 

(3) a:T ^^®Vl\M) 

which can be viewed as the generating function for coordinates on T with values 
in g-valued differential forms on M . By splitting a into components according to 
the degrees of differential forms we obtain 

a = ^(°) + Ad) + ^(2) + ^(3) 

where A^'p^ takes values in g-valued p-forms^l Since a is totally odd, A^*^' and A^"^^ 
are intrinsically odd, AS^' and AS^' are intrinsically even (the intrinsic parity is the 
total parity minus the de Rham degree modulo 2). The Chern-Simons action is 
built of the 1-form \X'^ A 8X'^ on Hg (which is a primitive for wng) and the odd 
function on Hg 

(4) 6* = \p^''X°-X''X'' 

which satisfies {0, 6'}n£) = 0. The action is given by formula, 

/■ 1 1 

(5) ^=\ o("'^") + c^^'t*^'"])- 

hi 2 6 

By the general construction [1 , S satisfies the classical master equation 

{S*, S*} = 

where {, } is the BV anti-bracket on functions on T defined by the odd symplectic 
form w. 



In the BV formalism, A'^^ is the "classical field", A'"' is the "ghost"; A^^) and A'^^ are the 
"anti-fields" for A^^> and A^"\ respectively. 
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We would like to define the one-dimensional Chern-Simons theory on the circle 
S^ by substituting M = S^ into the construction described above. Then, the space 
of fields becomes 

J" = Maps(nT5\ Hfl) = Hg ® rj"(5i) © Hg ® ^21(5^) 

The superfield a can now be written as 

(6) a^iP + A, 

where the component V — T"-iIj°-{t) takes values in g- valued functions on the 
circle and is intrinsically odd (r is the coordinate on S^); and the component 
A — drr°^"(r) takes values in g- valued 1-forms on the circle and is intrinsically 
even. Thus, {■(/'"(r), A°(r)} are odd and even coordinates on J^, respectively. The 
space T is equipped with an odd symplectic structure ([2|): 

(7) w= / W,M), 



defining the anti-bracket {•, •} : Fun(J^) x Fun(J^) 



{/,5}= f drf 
J51 



V 



^ 




and the BV Laplacian A : Fun( J") — > Fun(7^) 

r A A 

Note that the operator A is ill-defined on local functionals. 

The action ([5]) can be written in terms of components ^ of the superfield as 

(8) S^l [ ((^,dV) + (^,[A,^])). 

Here d is the de Rham differential on S^. By the general AKSZ constructioro, the 
action S satisfies the classical master equation 

{S,S} = 0. 

Naively, one could also say that the unimodularity of g implies unimodularity of 
g (g) rJ*(iS^), and therefore the quantum master equation is fulfilled 

^{S,S} + hAS = Q. 

However, AS is ill-defined in continuum theory. 

Remark 1. The Z2-grading on the space of fields of the Chern-Simons theory on 
a 3-manifold can be promoted to a Z-grading (by setting T — Maps(T[l]M, g[l])) 
in such a way that the odd symplectic form fl attains gradqj —1 (so that the anti- 
bracket has degree -1-1) and the action S is in degree zero. However, this does not 
apply to the one-dimensional Chern-Simons theory which is essentially Z2-graded: 
there is no consistent Z-grading on the space of fields. 

2.2. Effective action on the cohomology of the circle. 



Or, in the algebraic language, due to relations (Leibniz identity, Jacobi identity, cyclicity of 
differential, cyclicity of Lie bracket) in the cyclic dg Lie algebra g ^ Q'{S^), cf. [TJ. 

Grade is defined as the total degree minus the de Rham degree of a differential form. 
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2.2.1. Harmonic gauge. Let's split the space of differential forms on the circle into 
constant 0- and l-forms and those with vanishing integraO i7*(iS^) — ^'*{S^) ® 
r2"*(5i) where 

(9) n"{S^) = {/ + dr.g|/,.geM}, 

(10) n'"{S') = {/"(r)+dr.g"(r)| / drfM^O, f dTg"{T)=0}. 

It induces the splitting for fields into infrared and ultraviolet parts T — P ® T" , 
where 

J"' = {^'0 + dr Ao I Vo e ng, Ao G g}, 



{^" + A" I / dT^"{T) = 0, / A" ^ 0}. 



This splitting respects both the BV 2-forni and the de Rham differential. We define 
the Lagrangian subspace £ C T" as 

(11) /: = {V'" + A"M" = o}. 

2.2.2. Effective action on cohomology. |j We define the effective action W on J-"' by 
the fiber BV integral 

(12) f.T:W(i,o,Ao.h) ^ f ^j;S{^o+i>",dTAo+A") ^ 



= / 2?-0" e'A!:/si(V'o+'A",(d+dTadAo)(^o+jA"))^ 



£ 



The Lagrangian subspace C C J^" is uniqueljij fixed by the requirement that the 
"free" part of the action ^ J„i{ilj,dip) be non-degenerate when restricted to C 
Integral (IT^ is Gaussian, and it yields the following result. 

Proposition 1. The effective BV action W of the one- dimensional Chern-Simons 
theory is given by 

(13) ^j-W{^o,Ao,n) ^ ^jg^l/2 / Smh^ I _ ^-^(^o^ad^oVo)^ 

A simple form of the 0-loop part is due to the fact that multiplication by constant 
l-forms respects the splitting of forms into infrared and ultraviolet parts (|9ll0p l1 
The functional determinant is easily computed e.g. by using the exponential basis 
|g27rifeT| jTqj. 0- forms on the circle. 



Properties of being constant for a 1-form and being of integral zero for a 0-form are non- 
covariant. This is not a problem as choosing a gauge always relies on introducing some additional 
structure. In the case of harmonic gauge, this extra structure is the parametrization of the circle. 

More precisely, we consider the effective action as a function on Ilg (g) H'{S^), i.e. on the 
parity-shifted de Rham cohomology of the circle (which we represented by harmonic forms) with 
coefficients in g. 

"This a special property of the one-dimensional theory related to the fact that the de Rham 
operator d : f2"''(5^) — >■ il"^{S^) is an isomorphism, and there is unique chain homotopy K = 

d-i ■.n"^{s^)^n"0{s^). 

Higher order terms in the 0-loop effective action would correspond to Massey operations on 
the de Rham cohomology (cf. [7], |14|'l. In the case of the circle, Massey operations vanish. 
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The effective action ()13|) satisfies tlie quantum master equation 

d d 



giVy(Vo,Ao,S) ^Q_ 



9Vo ^^0 

Tfie classical master equation is implied by the Jacobi identity and by cyclicity 
property of the Lie bracket on g; the quantum part of master equation follows from 
the fact that the one- loop part of W is manifestly ad-invariant. 

2.3. Simplicial Chern-Simons action on circle. Let's assume that the circle 
S^ is glued of n intervals Ii — [pi,p2]i ■ ■ ■ I'^n — [pn,Pi] (where pi,...,p„ is a 
cyclically ordered collection of points on the circle), and that each interval X^ is 
equipped with a coordinate function r : Zj, — j- [0, 1]. We will denote a point of Ik 
with coordinate r by {k,T). We will assume n to be odd (otherwise, our gauge will 
be inconsistent, see remark [2]). We denote this "triangulation" of the circle by 5„. 

2.3.1. Cyclic Whitney gauge. Splitting of fields into infrared and ultraviolet parts 
is defined by splitting for differential forms on the circle 57* (5^) = il'^ (S^) ® 
il'l* (S^), where we split 0- forms into continuous piecewise-linear ones and those 
with vanishing integrals over each Ik , and we split 1-forms into piecewise-constant 
ones and the orthogonal complement of piecewise-linear 0-forms: 

(14) n'l^iS') = {f + dr g' I r\x, = {l-T)fk+Tfk+ug'\x,=9kyk} 

ngliS')^{r+dTg" I f drf'^O, f TdTg"+ f (1 -r)dr 5" = Vfc} 

Jik Jik Jik+i 

where fk,9k G K are numbers. Thus, il^ (S^) = M"'" (as a super-space). As a 
cochain complex, il'* (S^) is isomorphic to C*(S„), the cochain complex of the 
simplicial complex S„. As in section [2.2.11 this splitting agrees with the de Rham 
differential, and the associated splitting for fields T = F' ® T" agrees with the BV 
2-form. 

We call splitting (fT4|) the "cyclic Whitney gauge", because our representatives 
57" for cell cochains of triangulation are exactly the Whitney forms [16] for S„. 
The word "cyclic" indicates that 57"* is constructed as an orthogonal complement 
of 57" with respect to the Poincare pairing L^ • A •. 

Coordinates on T' are given by values of -0' at the vertices of triangulation: 

(15) Vfc = V''(pfc) e ng, 

and by integrals of A over intervals: 

(16) Ak= I A' e fl. 

JTk 

The BV 2-form on T' is given by 

(17) „'=f:M^.Mj. 

fc=i 

We will denote T' = J-h„ to emphasize its dependence on n. We have T^^ = 

Ug(g,C'iEn). 

Remark 2. The requirement that n be odd is needed since for n even the piecewise- 
linear 0-form 

/(fc,r) = (-l)'^(r-l/2) 
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belongs to both the infrared and ultraviolet subspaces. 

As in section 12.2.11 we define the Lagrangian subspace £ C T" by setting the 
l-form part of the ultraviolet field to zero (fTTj). 

2.3.2. Chain homotopy, dressed chain homotopy. Let us define the infrared projec- 
tor V : n'[S^) -^ ^'i^{S^) by formula 

(18) f + dT-g^ 

^Y.\j dr' f-{\-2T)-{l dr'f^j dr' f + ■ ■ ■ + f dr' f - f dr' A] Ox, 

k—l \^^k \'^^k + l '^^k + 2 •^'^k-2 "^^k-l / / 

+dTY, { f dr' g + f (l-2r')rfr'g- / (1 - 2/)^/ ff + • • • - / (1 - 2r')rfT' 5 ) ^x,, 

fc — 1 \Jlk Jlk + 1 •'Ik + 2 Jlk-l J 

where 9i^ is the function on the circle with value 1 on I^ and zero elsewhere. 
The chain homotopy k : $7^(5^) — !> ri°(5"'^) is uniquely defined by the properties 

(19) dn + Kd = id-T", 

(20) P'k = 0, 

(21) kV' = 0. 

Lemma 1. The operator k defined by relations il9]} . \20\) . ^21\) acts on the l-form 
dr-gen^S^) bB 

n „ 

(22) K{dT • 5)(fc, r)^Y. ^^'^((^' ^)' (^'' ^')) 3(^'' ^')' 

k'=i-'^k' 

where the integral kernel is given by 



(23) ^((fc,T),(fc',r'))-^ "'' ' ^ 2 



e{T^T')~^-T + T' ifk = k' 

(_l)fc-fc'2( 1 _ ,-)( 1 _ ^/) j/fc' <k<k' + n 

and 9 is the unit step function. In addition, the kernel has the anti-symmetry 
property: 

K{{k' ,T'),{k,T)) = ^K{{k,T),{k' ,t')) 

To obtain formula (P51) . one observes that relations P^ and (pil)) imply the 
differential equation 

(24) ^K{{k, r), (fc', r')) = 4,fc'<5(r - r') + C,(fc', r') 

subject to conditions 

(25) 

r-l 

dTK((A:,T),(fc',T'))=0, K((fc,l),(fc',T'))=K((fc + l,0),(fc',T')) Vfc. 

/o 

Here Ck{k',T') are some functions independent of r. Solving ([24| together with 
(|25p immediately yields ([23]). This proves the uniqueness property. In order to 
prove existence, one checks that ([^ satisfies ([TO|. (1^ . (PTjl . 



Recall that (fc, r) denotes a point on the circle which belongs to the interval Xj. and which 
has a local coordinate r. Hence, the integral kernel here is actually a function on S^ X 5^. 
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We will also need the "dressed" chain homotopy {i.e. dressed by the connection) 
KA' ■ Q (S) ri^(5^) — !> (8) ri°(5^), where A' — J2^=i ^fc^t is a piecewise-constant 
0- valued l-form on the circle. The operator ka' is uniquely defined by the properties 

(26) (id - r')dA' KA' + KA' dA' (id - V) = id - V' , 

(27) V'ka' = 0, 

(28) KA'V - 0, 

where dA' ^ d + aAa' • One can summarize these properties by saying that ka' '■ 
n'iliS^) -J> n^liS^) is the inverse of the operator {[d-V')dA'{id-P') : ng^S^) -^ 
^'^ (S^)- The dressed chain homotopy can either be expressed perturbatively as a 
series 

ka' ~ k — k adA' K + K adA' k adA' k — ■ ■ ■ , 
or it can be computed explicitly by solving the differential equation (pS)) . 

To present an explicit formula for the integral kernel of ka' (defined as in (|22l) ). 
we have to first introduce some notation. Let F{A, r) be an End(g)-valued function 
on the interval [0, 1] depending on an anti-symmetric matrix A G so(g) C End(0) 
and defined by the following properties 

(29) F{A,.) e SpanE„d(B)(l,e--^^), 



/ dTF{A,T) = 0, 
F{A,0) = 1. 



Property ([29]) is equivalently stated as {d + A)F{A, •) = const (this constant de- 
pends on A). It is convenient to introduce notation 

R{A) ^ -F{A,1) GEnd(0). 

More explicitly, we have 



(30) FiA,T) 



(31) R{A) 



2 



|(coth4-t-l)e--^"-^-i 
i(coth4 + l) -A-^ 
A^^ + i - 5Coth4 

\4-l-i-icoth4 ' 



We will use notation 

(32) ^lk{A') = R{adA,_,)R{adA,_,) ■ ■ ■ R{adA,+jR{adA,) £ End(g). 
The following reflection properties 

J^(-Ar) = - ^^-^'^^^~^\ R{-A) = R{A)-\ ^,k{A'r ^ ^^k{Ar' 

mean that R{A) and /ifc(A') take values in orthogonal matrices 0(g) C End(g). 

We can now present the result for the integral kernel of the dressed chain homo- 
topy KA' ■■ 

Lemma 2. The operator ka' defined by relations 1126]) . |^7| ), Ii28\) acts on a Q-valued 
l-form dr • /3 G g (g) £7"'^ (5"'^) by formula 

n ^ 

(33) KA'{dT-f3){k,T)^J2 dr' ■KA'{{k,T),{k',T'))o[3{k\r'), 
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where the integral kernel is given by 

(34) KA'{{k,T),{k',T')) = 

(^(t - t') - i + i coth ^) e("'^^)"'^^^ - (ad^ J-1 + 

+F{adA„T) ( i^^^\^,) - i+fl(id^j ) F{-adA,,r') if k ^ k' , 

^ (-l)fe-fe>(ad^^,r)i?(ad^,_J.-.i?(adA„)i+^7f7p7)F(-adA„,r') tf k'<k<k' + n 

This integral kernel is anti-symmetric: 

KA'{{k',T'), (fc, T)f = -KA' {{k, r), (fc', r')) 

To obtain (|34p we proceed as in the derivation of (P5|) . The differential equation 
implied by ([^5]) is as follows: 



(35) 



('^ + adA,) A^A'((fc,r), (fc',T')) = 5fc,fc'<5(T - r') + Cfc(fc',T'). 



Conditions ((25|) are still fulfilled. Solving (|35|) with these conditions imposed yields 
formula (l34l). 



2.3.3. Simplicial action. Simplicial Chern-Simons action 5'5:„ for the triangulation 
E!„ of circle is defined by the fiber BV integral 

(36) e^s^„{i,',A',h) ^ fis{4:'+^".A'+A")^ 

As in the case of induction to cohomology, one puts A"\c — 0, and the integral 
becomes Gaussian: 

(37) gis^„{i,',A'Si) ^ /■^^„^_i./^,(^'+^",rf^,(V,'+^"))_ 



Expanding the integrand as 

i^', dA'i>') + (V'", d^) + (^", ad^.^") + 2{'4,'\ !idA'i>') 

one can consider the second term as the "free" part of the action and the third and 
fourth terms as a perturbation. In this way, we arrive at the following Feynman 
diagram expansion for S-^^ : 

(38) 

5'h„ = -{^y,dtl;') + -{ip^iidA'tp') ~ -(i/'',adA'KadA'V'') + -(^', ad^'Kad^'Kad^/f/)') h 

^^ V ' 

+ ^1-— -trg^s;20(5i) (Kadyi'KadA') - ^^-^ trg^s:20(5i) (Kad^'Kad^'KadA') H 



Here the first line is the sum of "tree" diagrams and the second line is the sum of 
"wheel diagrams" . 

The tree part of S'h^ can be expressed in terms of the dressed chain homotopy, 

(39) Si ^W (^',dV'') + J / (V'',ad^-^')-^ / (V'',adA"«A'adA'V/)- 



ONE-DIMENSIONAL CHERN-SIMONS THEORY 11 



For the 1-loop part, we first write 



'S's„ = 2 ^^B«>no{s^) log(l + Kad^'). 



Then, by using the general formula 



^tr logM. = tr ( Mr^ ' 



5s *" " \ ' ds 

one obtains 

'S's„ = / ^'^ T~ ( 2 *'"0«'ST'(5i) log(l + KadsA') ) = 2 / '^^ ^^^^,00(51) (1 + k adsA')~^ ^ adA' 

One can evaluate the functional trace in the integrand in the coordinate represen- 
tation (i.e. in the basis of delta-functions) by expressing it in terms of the integral 
kernel (p4|) restricted to the diagonal S^ C 5^ x S^: 

(40) ^i=/ ds-J2 drtr,{n,A'{{k,T),{k,T))adA,). 

Jo ^fc^i^O 

There is an ambiguity in this expression since the integral kernel ([M]) is discontin- 
uous on the diagonal. We regularize this ambiguity by using the convention 

(41) 0(0) = i 

Observe that the value assigned to 9{0) does not really matter: changing the con- 
vention for 9{0) changes Sh by oc trj,adyi' = 0. It is interesting that the integral 
over the auxiliary parameter s in (j40p can be computed explicitly. By putting to- 
gether ([55]) and (HO]) and substituting (IM)) we obtain the following explicit result 
for the simplicial Chern-Simons action on the triangulated circle. 

Theorem 1. Simplicial Chern-Simons action on the triangulated circle is given by 

(42) S'h„ = 

1 " / 1 1 1 \ 

= -2 X! [i'^k,ipk+i) + -{ipk,a.dAjJk) + -{ipk+i,adAkipk+i) + -{tpk,adAkipk+i)j + 
k=l ^ ^ 

^l^n _, f l-R{adA,) f 1 1 \ l-E(ad^J 

•^t, "^''V 2 [l + MA') l + R(adA,)J 2i?(ad^J + 



N-i , 1 . , 1 ..., ad^. 



-(adA, ) + — adA, - - coth — ^ ) o (V-^+i - V'fc))- 



n fc'+n— 1 



+ ^E E (-l)'=-'='(V^.+i-^;.-,^-^^i?(ad^.-J---i?(ad^J- 

k' = l k=k' + l 

1 l-i?(adA,,) 



o (V'fc'+l - "0*;')) + 



l + /xfc'(^') 2ii'(adA,, 



1 . / , . .,^^ -n- / 1 smh^ 



fc=i 
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In the last term (the 1-loop contribution) /i, (A') stands for fJ.i{A') for arbitrary 
I. For different /, these matrices differ by conjugation. Hence, the expression 
detj|(I + /i, (A')) is well defined. 

2.3.4. Remarks. 

Remark 3. In deriving formula (|42|) we were sloppy about additive constants (we 
did not pay attention to normalization of the measure in the functional integral 
(|37| '). We chose an ad hoc normalization 

n — I 
SsAO,0,fi) = -^^— dimg log 2 

which turns out to be consistent with the operator formalism (see section [XT]) . 

Remark 4. Setting n = I in (|42|) yields the effective action on cohomology ([T3l) . 

Remark 5. By expanding (j42[) in a power series with respect to A' we get back the 
perturbative expansion ([55)) ). 

(43) Se^ = 

I " I " /I 1 1 

= -2 X!(^'='^'=+i)^2 ^ ( 3(V'fc,adAfcV'fc) + -(■0fe+i,adAfc'0fc+i) + -(-0*;, ad^^i/jfe+i; 

fc=l A;=l ^ 

_. n fc +n— 1 ^ 



2 ^-^ ^^ 72 

fc'=i fc=fe'+i 



k'+n-l 



_ft!i__ dims log2+;i^-^ ^ _trg(ad^j2 + ^ ^ -tr„(adA,adA„) +0((A')3) 

yfc=i fc'=i fe=fe'+i J 

Remark 6. Naively, at large n the simplicial action Sb.„ can be viewed as a lattice 
approximation to the continuum action ([8]). For ■;/' and A fixed, we have 

/ /-(fc+i)/" \ 

5s„ {V^fc = V'(fc/n)}, {Afc = / A} ^ Si^, A) + Oil/n) 

\ Jk/n J 

when n tends to infinity. The point is that rather than being just an approxima- 
tion the simplicial theory (-Fe:„ , Ss.^ ) is exactly equivalent to the continuum theory 
{T, S) for any finite n. 

Remark 7. The simplicial theory is constructed by the fiber BV integral from the 
continuum theory. Hence, we expect the simplicial action to satisfy the quantum 
master equation 

(44) AH„e*^=- = 

with BV Laplacian associated to the BV 2-form P7|) . 

fit dijl dA^ 
where 

V'fe + i'k+i 



(46) ^, 



k 
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However, the BV Laplacian in the continuum theory is ill-defined. Therefore, the 
quantum master equation (|44p is not automatic, and it must be checked indepen- 
dently. It is easy to do it in low degrees in A' by using the expansion (^5)) . We will 
prove the quantum master equation via the operator approach in section 13.2.31 

Remark 8. Another property we expect from the simplicial theory is its compatibil- 
ity with simplicial aggregations S„_|_2 ~^ 2„. We will prove this property in section 
[3X21 

Remark 9. The gauge choice (|14p is actually rigid up to diffeomorphisms of intervals 
Ifc . More exactly, if we require compatibility of the splitting (1 = fi' © H." with the 
de Rham differential and with the pairing J„i • A • {i.e. so that O' and il" be 
subcomplexes of il, and ft" be orthogonal to $7'), then the splitting is completely 
determined by the images of basis 1-cochains of S„ in 17^(5^). If in addition, we 
require that the image of each basis 1-cochain e^ be supported exactly on the 
respective interval X^ C S^ (a kind of simplicial locality property), we obtain the 
splitting (|14[) up to diffeomorphisms of intervals Ik taking the representatives of 
basis 1-cochains e^ to constant forms di^dr. It is important to note that we are 
implicitly assuming that the splitting for fields is induced by the splitting for real- 
valued differential forms. If we drop this assumption and allow splittings of g f2 
which are not obtained from a splitting of fl by tensoring with g, we can introduce 
other gauges. 

Remark 10. The embedding of cell cochains of S„ to the space of differential forms 
in (|T4l) is the same as in the 1-dimensional simplicial BF theory [Ij : 0-cochains are 
represented by continuous piecewise- linear functions, and 1-cochains are represented 
by piecewise-constant 1-forms. However, the projection (|18|) is very different. In 
fact, it is non-local: for 0-forms instead of evaluation at vertices (as in simplicial BF) 
we have a sum of integrals over all intervals Ik with certain signs. Anf for 1-forms, 
instead of integration over one interval we have an integral over the whole circle 
with a certain piecewise-linear integral kernel. Thus, in the splitting fi = 17' ® fi" 
the infrared part is like in the simplicial BF theory, but the ultraviolet part is 
different. 

Remark 11. The action (j42l) can be viewed as a generating function of a certain 
infinity-structure on g ® C*(S„). In more detail, this is a structure of a loop- 
enhanced (or "quantum" , or "unimodular" ) cyclic L^o algebra with the structure 
maps (operations) c\^' : A'^(g ® C*(S„)) -^ R related to the action (|42t by 

1 oo tj 

^- = E E Jt 4'^ i f + A',...,^' + A') 

1=0 k=2 ^ 

where the superfield ip' + A' is understood as the parity-shifted identity map 
•^H„ — >■ g <8i C*(S„) (as in ([3])). The quantum master equation (j44|) generates 
a family of structure equations on operations cj. . In particular, c). satisfy the 
structure equations of the usual (nonunimodular) cyclic Loo algebra. This alge- 
braic structure on g-valued cochains of S„ can be viewed as a homotopy trans- 
fer of the unimodular cyclic DGLA structure on g ® 17* (5^). Only the first two 
cyclic operations, 4°^ : A^(g (g) C*(S„)) -^ M and 4°^ : A^{q (g) C*(S„)) -^ R are 
simplicially-local. All the other operations are non-local. We can also use the pair- 
ing on g (g) C*(S„) (induced by the pairing Jgi{», •) on g-valued differential forms) 
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to invert one input in cyclic operations. This gives an oriented (non-cyclic) version 
of the unimodular Loo structure (see e.g. [10]) on g (g) C*(S„) with structure maps 
Ik^ : a'=(0 ® C"(S„)) -^Qd) C"(S„) and l^}^ : a'^Xs «> C"(S„)) ^ R related to the 
cyclic operations cj. by the following formula 

c^°l,{ f + A',---,^' + A') = \ij' + A', 4°^ (V-' + A', • • • , V' + a;) ) , k>l 
fc+i 

„(i) _ ;(i 



c 



fe = r, fc>2 



In this unimodular Loo algebra, only the differential l\ is local while all other 
operations (including the binary bracket /j '■ A^(0 (8) C*(S„)) — >■ g ® C*(S„)) are 
non-local — unlike in the simplicial BF theory |14| where all higher operations are 
simplicially-local. 

Remark 12. The dressed chain homotopy ka' can be used to construct the non- 
linear map U : Te,^ — ^ J', 

U -.^p' + A' ^i)' + A' - K^/ad^/V'- 

It sends the infrared field ■0' + A' to the conditional extremum of the continuum 
action S restricted to {ip' + A'} © C. The tree part of the simplicial action can be 
expressed in terms of U, 

Im^' + A'),dU{ij' + A')) + l(C/(Vy + A'), [Uii^' + A'), U{^y + A')]) 

In the language of infinity algebras, U is an Loo morphism intertwining the DGLA 
structure on g Q*{S^) and the Loo structure on g (g) C*(2„). 

Remark 13. There are two natural systems of g- valued coordinates on the space of 
simplicial BV fields J^h„: {ipk,Ak} and {^pk,Ak} (where variables ^pk are defined 
by (|46)) ). The first coordinate system is associated to the realization of the space 
of fields through the cochain complex of a triangulation: J's^ — Hg eg) C*(S„). 
The second coordinate system is associated to the realization through 1-chains and 
1-cochains: Jh„ = g g) Ci(S„) © Ilg g) C^(S„) (or instead of 1-chains of S„ one 
can talk of 0-cochains of the dual cell decomposition 5^: Jg^ = Ilg © C°(E!^) ® 
Ilg (g) C^(S„)). The convenience of the first coordinate system is that the abelian 
part of the simplcial action (H^ is local in variables {ipk,Ak)- The convenience of 
the second coordinate system {tpk,Ak} is that the BV Laplacian becomes diagonal 
(gni). 

3. Approach through operator formalism 

In this section, our strategy is to give a new definition of the one-dimensional 
Chern-Simons theory. It will be inspired by the definition of section 12.11 but we 
will be able to consider our theory on an interval and to define a concatenation 
(gluing) procedure. We will check that the results obtained by the new approach 
are consistent with those of section [5J 

For the rest of the paper, we will assume that dimg = 2m is even. This is im- 
portant for theorem [5] (the correspondence between the operator and path integral 
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formalism): its proof relics on recovering the path integral by using the funda- 
mental representation of Clifford algebra CI{q) (section |4.1|) which is simpler for 
dimg = 2m. 

3.1. One-dimensional Chern-Simons theory in operator formalism. 

3.1.1. First approximation. We would like to define the one-dimensional Chern- 
Simons theory (|S]) as a quantum mechanics where components of the quantized 
odd field {V'°} are subject to the anti-commutation relations 

(47) V'''V'^+V'^^'' = ^'5''^ 

i.e. {V'"} are generators of the Clifford algebra Cl{g). The even 1-form (connection) 
field A = dr T"-A°-{t) is non- dynamical, and it is treated as a classical background. 
The evolution operator for the theory on the interval is defined as a path-ordered 
exponential of A in the spin representation: 

(48) Ux{A) = :fcp {^l_fdT r''rA\T)4,A e Cl{g) 

Here, the intuition is as follows: the term i J{ip, dtp) in the action ([8]) generates the 
canonical anti-commutation relations (|T7|) while the term ■^ J{tp, [A,ip]) generates 
the time-dependent quantum Hamiltonian H{t) = —^f°''"^iil!'^A''{T)tp'^ which ap- 
pears in (|48| . The evolution operator for the concatenation of intervals Xi = [pi , P2] , 
2^2 — [p2,p3] with connections Ai,A2 is naturally given by the product of the cor- 
responding evolution operators in the Clifford algebra: 

f^[pi,P3](^l^[Pl,P2] +^26'[p2,P3]) = C^[P2,P3](^2) • [/[pi,p2](Al). 

As in section [2.3.21 ^[p^.pj^+i] = di^ denotes the function taking value 1 on the 
interval Xk and zero everywhere else. The partition function for a circle is given by 

zsi{A)^stTcii,)i^^(^-jf:JjTr''^rA\T)r 

where Strc^j^g) is the super-trace on Cl{g) defined as 

(49) Strci(g) : a ^ (ih)"' ■ Tcoefiicient of ^^ • • • V-^™ in d\ . 

3.1.2. Imposing the cyclic Whitney gauge. Our next task is to model in operator 
formalism the fiber BV integral (|36p for the theory on circle. We will look for 
the analogue of the cyclic Whitney gauge introduced in section 12.3.11 For the 
connection A, imposing the gauge just amounts to saying that A is now infrared, 
i.e. a piecewise-constant connection A' = X]fe=i '^''"^fe^it with A^ G g. For ip, we 
would like to restrict the integration to tp^s with given integrals (average values) 
Tpk = 2^^ ^^^^ intervals Xk- So, we are interested in the integral 

(50) e*^- = |pVe2k/.i(('A,'i'A)+(^,ad,,^))-Q^|'/' rf^^_^^ 

■^ k=i I ^ 

2b„(A',A') 
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Here we got rid of (5-functions at the cost of introducing odd auxiliary variables 
Afc — T°-\f. £ Hq. One can organize them into an odd piecewise-constant function 
on the circle A' = X)fc=i ^kOi^ which plays the role of a source for the field ifj. The 
entity Zs„iX' , A') that appeared in the integrand can be written in the operator 
formalism as 

(51) ^s„(A',A') = Streets) Hexp (^^l-r^^^^-Al^ + Kr^ ■ 

Then, the partition function of the one-dimensional Chern-Simons theory on the 
circle (in the Whitney gauge) is given by the odd Fourier transform of (|5ip : 

/n 
[] i?Afc 6-2:^=1 a^'A2Zh„(A',A'). 
7 1 



fe=l 



Remark 14. To be precise with signs, we should introduce an ordering convention 
for the Berezin measure in (|5^. We set 



fc=i 

Theorem 2. For n odd and dimg = 2m even, one has 
(53) ZH„(^',A') = e*^="(^''^'), 

where the right hand side is given by {4-^ o,i^d the left hand side is defined by 

We will prove this theorem in section 14.4.21 by constructing a path integral rep- 
resentation for Zh,^. But first (see sections |3 . 1 .31 [3X4]) we will perform some direct 
tests of formula (1531) . 



Remark 15. Note that we can define the right hand side of (f53|) only for n odd 
while the definition of left hand side makes sense for both even and oddn. A simple 
computation shows that for n even the partition function Zg^ (?/;', A') vanishes at 
■0' = 0, A' = 0. This agrees with the observation that for n even the Whitney gauge 
does not apply (see section [2]). 

Remark 16. We chose the normalization for the super-trace in Clifford algebra P^ 
and for Zh^ ([5^ in a way consistent with the path integral formalism (see ([75]). 

m)- 

3.1.3. Consistency check: the effective action on cohomology. u The first test of 
the correspondence ([SS)) is the case of n = 1. Let us first compute the following 
expression in the Clifford algebra with two generators Cl2'- 

(54) 

(^(Vi\ V?, a) = (ih)-^ I DX^DX^ e-^'^'-^'^'Strci, exp (-^ip^a^^ + X^tJj^ + X^^l^A 
where a 6 R is a number. For the exponential under the super-trace we have 

(55) exp (-U'ai'' + X^^ + X^A = ( -^ sin(a/2) - ^^^^^X'xA 0-^'+ 
\ h J \ h a/2 / 

For reader's convenience, we present explicit calculations in the Clifford algebra here and in 
subsequent sections; the general reference for the Clifford calculus is [2]. 



sin(a/2) ^ 
a/2 
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\ ( , ,_. sin(a/2) 



17 



(Ai^i + A^Vi^) + f cos(a/2) + K- f cos(a/2) - ""'^^"^^ j A^A^ 



In this expression, only the first term contributes to the super-trace in (|54p. and 
we obtain 

2 sin(a/2)^i^2\ ^ 



(^(Vi^V'^a) = / DX^DX^ e 



in\2 .-A^v-'-A^vi" 



r^"("/2) - ^72" 



^^^ - |sin(a/2)V>^^ = sin(a^^_.^.,^. 
a/2 ft a/2 



Next let us consider an anti-symmetric block-diagonal matrix with blocks 2x2 



/ ai 
ai 



(56) A 



\ 



a2 
2 



—a 



V 



a' 
-a™ / 



e so(0) C End(0). 



Then, we have 



(57) (*ft)-" / Y[DX^ e-^"^°Strc,(,) exp ( --^M^^V-" + X^r) = 



Y[ip{^^P-\i^^P,aP) = det 



1/2 / sinh^ ^ ^ .1.^.^0.^. 



p=i 



9 I A 
\ 2 



Since both the left hand side and the right hand side of (|57p are S'O(0)-invariant, 
the equality actually holds for all anti-symmetric matrices A, and in particular for 
A = adAo, where Aq G g. Thus, we have shown that 



Z^AlAo) = detl/' ('''''' ^''^" 



9 \ ad^o 

V 2 



e 2 



ij('0,adAo'/') 



The right hand side coincides with (|13p . so we have checked the correspondence 
(l53l) in the case of n = 1 . 



3.1.4. Consistency check: the case of mutually commuting {Ak} and tp' — 0. Now 
we would like to perform a direct check of the correspondence (I55|) at the point 
t/i' = {i.e. neglecting the tree part of the simplicial action) and assuming that 
[Afc, Ak'] ~ for all k,k' = 1, . . . , n. That is, we will check that 



(58) {ihy 



f n DXk streets) n exp f-l-f-bc^-Alr + KV 
•' fc=i fc=i ^ 



fc=i 
_ -,,1/2 ( l + nLi-R(adAj A sinh 



adA,_ 



nLi(i+^(adAj) ,Vi 



ad^,. 



We use the idea of section 13.1.31 to reduce (f58|) to a computation in CI2. Since 
all Ak mutually commute, we can choose an orthonormal basis in g, such that the 
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matrices ad^ifc simultaneously assume the standard form (|56p. Then, both sides of 
([58l) factorize into contributions of 2 x 2 blocks, and it suffices to check the identity 



fc=l k=l ^ 



deti/2 f l±nLi^^^ . fr 'i'^^'^ 



nLi(i+^(*^2afc)) J-i^ 



2 



Here CT2 



-i 



is the second Pauli matrix, and ia2a,k 



To 



flfe 
evaluate the left hand side of ([5^ . we use the result ([55)1 for the Clifford exponential: 



l.h.s of dSi) = {^hr' Strci, J] ('^^^^^V^V-' + /^- f^^^i^ - cos(afe/2) 



k=l 



afc/2 



Ofe V afc/2 



An easy way to evaluate this expression is to use the matrix representation CI2 -^ 
End(Ci|i) which maps 



and 



hV^'/ 



r^[-^ 



hV^'i 



Strcja ^^ Str 



End(Ci|i)5 



Stl'End(Cili) 



7 



/S 



n> a — (5 



is the standard super-trace on matrices of the size (1|1) x (1|1). Using this repre- 
sentation, we obtain 



l.h.s of (I59D = 

n 
i^"StrEnd(Ci|i) 1 1 



fe=l 



ak 


/^sin(afc/2) 
I a./2 


- cos(afc/2)] 


1 i sin(afc/2) 
+ 2 afc/2 









> 











1 

a* 


/'sin(afc/2) 
1, afc/2 


-cos(afe/2)j 


i sin(afc/2) 
2 afc/2 ^ 



n 

fc=i 



sin(afc/2) 
afc/2 



2am n (^ + ;^-Jcot(afe/2; 



fc=i 



2 flfe 2 



^n 



sin(afe/2) 



n 

Reff i, 



In the last line we used the assumption that n is odd. 

To evaluate the right hand side of (|59|) . first observe that the matrix 

1 + riLi -^(»^2afc) 1 1 

nLi(l + ^(*^2afc)) nLi(l + ^(*'^2afc)) nLi(l + ^(-*^2afe)) 

is constructed from matrices icToflfe = " I and is therefore of form „ 

V-ofc oy \^-^ a 

{i.e. belongs to Spanj{(l, 2(12)), and that it is symmetric. Hence, it is actually a 
multiple of the identity matrix „ J , and the determinant may be expressed as 

, u/2 f 1 + nLi -^(^^2flfc) \ ^1 / i+nLi-R(»^2afc) 
vnLi(i+^(*'^2afc)); 2 lnLi(i+^(*^2afc)) 
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n ^ n ^ n ^ 

= n YTmmk) + n i+i?(-zafe) = ^^"^ n rni^mkj 



Now it is obvious that (|59p is verified, and this imphes 

3.2. One-dimensional Chern-Simons with boundary. 

3.2.1. One- dimensional simplicial Chern-Simons in the operator formalism,. Con- 
catenations. There is a natural construction of the one-dimensional simplicial Chern- 
Simons theory in the operator formalism: to a one-dimensional oriented simplicial 
complex Q (a collection of i{Q) triangulated intervals and c{Q) circles) it associates 
a partition function 

(60) Ze e Fun(0 Ci(e) © Hg ^^(6)) ® CI{b)^'^^\ 

" v ' 

TTbulk 

where we think of variables Ak G g as coordinates on g- valued simplicial 1-cochains 
of 9 with parity shifted, and we think of variables V'fc G Ilg as coordinates on 
g- valued simplicial 1-chains of Q. The partition function Zq is defined by the 
following properties: 

• For a single interval with a standard triangulation, we have 

/2m _ ^ _, 

Jl DX'' e"-^"'^'" exp [ — -f'''"'^''A''iJj'' + A^" 
a=l ^ 

• For a disjoint union of Qi and 02, 

^eiue2 = ^01 ® ^62- 

• For a concatenation 9i U 82 with intersection ©1 n ©2 = p being a single 
point embedded as a boundary point of positive orientation pi G ©i belong- 
ing to the i-th triangulated interval of ©1, and embedded as a boundary 
point of negative orientation p2 G ©2 belonging to the j-th triangulated 
interval of ©2, we have: 

(62) Ze,ue2=miZe,^Ze^). 

Here m : Cl{g)®Cl{g) —^ CI{q) is the Clifford algebra multiplication, and m 
in ([5^ acts on Clifford algebras associated to the j-th triangulated interval 
of ©2 and the i-th triangulated interval of ©i. 

• If the simplicial complex ©' is obtained from © by closing the i-th triangu- 
lated interval into a circle, we have: 

(63) Zq, = StTci{s)Ze, 

where the super-trace is taken over the Clifford algebra associated to the 
i-th interval of ©. 

Obviously, this construction gives (|5^ for a triangulated circle © = S„ , and due 
to the correspondence ((53| it is consistent with the results of section [2] 

Remark 17. We may regard Zj as a contribution of an open interval. Then, the 
concatenation (j62p is understood as taking a disjoint union of open triangulated 
intervals and then gluing them together at the point p. Likewise, (|55|) is understood 
as gluing together of two end-points of the same interval. Thus, a contribution 
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of point is either the (l,2)-tensocj m on the Chfford algebra or the (O,l)-tensor 
Strci(g), depending on whether we are gluing together two different or the same 
connected component. 

Remark 18. Once we come to a description of the one-dimensional Chern-Simons 
theory in terms of Atiyah-Segal's axioms and specify the vector space associated 
to a point (the space of states), properties (|5^ and (|63p become a single sewing 
axiom (see section l42l below) . 

3.2.2. Simplicial aggregations. Let Q' be the interval [pi,p3] with the standard 
triangulation, and let Q be the subdivision of Q' with three 0-simplices pi, p2, p3 and 
two 1-simplices [pi,p2], [p2,p3]. The aggregation morphism r^ acts on simplicial 
chains as 



^Pl"- I "pg"- I "ps"- ' '-*plp2'-- ' '-'P2P3'- 

^ (ap, + (1 - C)«P2)e"^' + (ap3 + Cap.)e"' + {^a,,,, + (1 - Oap,p,)e"'''^ 
and on simplicial cochains as 

r^. : c'{e)^c'ie') 

aPiep,+aP^ep,+aP^ep3+a''iP^ep,p,+aP^P^ep,p3 ^ a^'e'^^+aP'e'^^ + {aP'<''+a'''P')e'^^^^. 

Here < ^ < 1 is a parameter determining the relative weight of intervals [pi,p2] 
and [p2,p3] inside [pi, pa] (the symmetric choice corresponds to ^ = 1/2)- Basis 
chains and cochains corresponding a simplex a are denoted by e'^ and eo-, respec- 
tively. We use primes to distinguish the basis of C,(6'), C*(8') ; a..., a" are 
numerical coefficients. 

One can also introduce the subdivision morphism which is dual to the aggregation 
morphism: 

More explicitly, 

^ a'P^ep, + ((1 - Oa'Pi + C«"'^)ep, -I- a'^^e,, + a'^'^'i^e,,,, + (1 - 0ep2P3)- 

Aggregation and subdivision morphisms are chain maps. Moreover, they are quasi- 
isomorphisms. 

These maps induce an embedding Iq q, : Tq^^^ '^ J-q^^^ and projection r^ q, : 
J'e""' -> -T^e""" for tlie spaces of "bulk fields" 

j-buik = Ci(0) © Hg ® ci(e), j-^y"^ = ® Ci(0') © ng ® ^^(e'). 

That is, we have a splitting 

(64) J-r' = 4.e'(-^e''')©-^e'e^'- 

In more detail, we split the bulk fields as 

^i=^' + (l-0^", i'2 = 4'' - ii'" , A^ = ^A'-A", A2 = {1-0A' + A". 



We mean the rank of the tensor: one time covariant, two times contravariant. 
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The maps ig, q, and r^ q, are dual to each other with respect to the odd pairing 
on J^q"'"^ and J-qV^^ (thus, ((64)) is an orthogonal decomposition). We denote by 
jCq 0, C J^Q 0, the Lagrangian subspace defined by setting to zero the 1-cochain 
part of the ultraviolet field A" . 

We define the action of the aggregation map 9 — > 0' on the partition function 
of the one-dimensional simplicial Chern-Simons theory by the fiber BV integral 
associated to the splitting (|64l) : 

(65) (4 e,).{Ze)= f Ze 6 FuniP^^'"^) ® Cl{g). 

It is easy to give a direct check of the following statement. 
Lemma 3. 

(66) (4,e')*(^e) = ^e' 
Proof. Indeed, by definition (|65p we have 

{ri^e'UZe) = 

/2m 
l[Dr^ Z[p,^P3] (^' - eV^", (1 - OA') -^[p^p,] (V^' + (1 - or, ^A') = 

/2m 27n 2m 

[|i?V> Y[DX^ Y[DXI e-^i('^'°+(^-«)'^"°)-^?('^'°-«'^"°)- 
a— 1 a— 1 a— 1 



' ^^^ \ — iTj^I VA^i:" + A^V" ) • exp ( -^/"^"^V^^V + K^ 

Here we made a change of coordinates (Ai, A2) — s> (A = A1+A2, J^ = (1 — ^)Ai — ^A2). 
The integral over xf)" produces the delta- function 5{v); by integrating over v we 
obtain 



^ 2rn 

(40,)*(^e) =(*?.)""] n^^ 



a g-'^^'^v'''' 



^ rabc7a Afh'7c , /i f^\\ti.7.Q^ \ ,,,,„ ( ^ -po-bc^a Afb^ 



■ exp ( _i/'^''=^°A'>'= + (1 - ^X^iP" -exp - A^/^^^V"^ V''' + CAV 

^ 

/2rn _ ^ ^ 

[|dA" e^^°'^'° ■ exp f -_/'''"=^«A"'V''= -K AV' 



n 

Remark 19. We normalize the measure on Cq q, in such a way that relation (j66p 
holds with no additional factors. 

Up to now, we only discussed the elementary aggregation which takes an interval 
subdivided into two smaller intervals and into an interval with the standard trian- 
gulation (that is, one removes the middle point p2 and merges intervals [pi,p2] and 
[p2, Ps])- A general simplicial aggregation for a one-dimensional simplicial complexe 
is a sequence of elementary aggregations made at each step on an incident pair of 
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intervals. In particular, there are many simplicial aggregations for triangulated 
circles: E!„ — > S„' with n> n' . 

The following is an immediate consequence of (j66p : 



Proposition 2. For a general simplicial aggregation 






'^01, 02 "'^e^ei 



e^e' 



(where O is an arbitrary one- dimensional simplicial complex and 0' is some aggre- 
gation of Q), one has 



(67) 



MZe) 



The compatibility with aggregations is an important property expected from a 
simplicial theory. In particular, ([53]) implies that the simplicial action for a circle 
Sb.^ given by (1421) is compatible with simplicial aggregations S„ — s> S„' for n, n' 
odd. 

3.2.3. Quantum master equation. 

Lemma 4. [^ The partition function for an interval Ii61\) satisfies the following 
differential equation: 

'1 



, d d ^ 1 

h — ^ „ . Zt + — 
dip'^ dA°- h 



f^'-rrr.zi 



= 0, 



Cl(5) 



where [,]ci(B) denotes the super- commutator on CI{q). 

Proof. We will check (|68|) using variables (A, A). We have, 
(69) 



hx" 



d 
a4° 



6 



cUb) 



exp ( — f^'x^^^A'tp" + A"V" ) = 0. 



After the Fourier transform from the variable A to the variable ^, this expression 
becomes ([68| ). Observe that 

(™) h\-^e^^{-^f^^'^rA'r + \^r^ = 



/o 2 

Next, compute commutators in the Clifford algebra. 



(71) 
and 

(72) 



1 



;/°'"=v;''V'''V'^A°'vi"' 



i/'^^=V'"V'''V'^ i/'''^'='vi'''A'''V''=' 



.fabc^a^b^c^ 



Cli3) 



Cl(3) 



1 






In a different setting equation II68I I appeared in [2]. 
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^ V ' 

=0 by Jacobi identity 

lLf<^bcjcb'c'jib'^,^^a^b^c'^^c'^a^b_2^b^c'^ayi^^b^a^c'j^^^^ 



- ^^r'''r''^'A''\rW,r'] + [r^rw-i^'w.r] - vp\r^r) = o. 



?,c' „7,aK?,fc J,b[Ja' ^?a"i r^?,b ^?,c'l^7.a\ 



For brevity, we are omitting the subscript in [,]c;(g) in computations. Identities 
(|71l72p imply 



6 \ 2h 



Cl{3) 



dT e^(-2kr'''>°'4''V;<=+A°.0») . Ifabc^a^b^c . ^(l-r) (- Jj-r^<=V;°A''^-+A°^") ^ 



Together with (|70|) , this imphes (|69p which finishes the proof of (l68l) . D 
Let us denotcj by 

:= -f^bc^a^b^c 

6 
the Clifford element in (p5)) . 

Proposition 3. T/ie partition function for any one- dimensional simplicial complex 
Q satisfies the differential equation 

(73) (ftA^""^ + i5e)^e = 0, 



where 



« ^ 9V^^ 9A- 



(the sum goes over all 1-simplices of Q), and 

tie) 



C/(fl) 



_ffere the sum goes over connected components of Q that are triangulated intervals; 
0^^' denotes 9 as an element of the j-th copy ofCl{g). 



Proof. Equation (|73p follows from (|68p . The compatibility with disjoint unions is 
obvious as Aq^'i^q — Aq'"^ + Aq'"^, and (5eiue2 = ^Oi +^62- For concatenations, 
it suffices to check the case of two triangulated intervals Qi and 82: 



(ftA^';'ie2+^"''5e,ue2)^e,ue2 = TiA^f + ^lA^f + h'' 



Cl{g] 



= Zc^A UAS 



.bulk I fe-1 



Cl{^) 



o Zi:- 



HA. 



bulk 



h'' 



ciie 



o{Zs2-Zei) 



o Ze, -Zs, = 0. 



12i 



The notation stems from the fact that this is a quantization of the Maurer-Cartan element 
' e Fun(ng) gj. 
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The compatibility with closure of a triangulated interval into a triangulated circle 
follows from StTci(Q)[0, ^e]ci(g) = 0. D 

Remark 20. We understand ()73p as a kind of quantum master equation with the 
boundary term 6qZq. It is tempting to think of the operator Aq + 6q appearing 
in ([73|) as a new BV Laplacian adjusted for the presence of the boundary. 



Corollary 1. In the case of a triangulated circle O — ,^„, the partition function 
satisfies the usual (non modified) quantum master equation 

Ah„^h„ =0. 

4. Back to path integral 

Sections 14.11 and 14.41 mostly go along the lines of the standard derivation of the 
path integral representation for quantum mechanics, see [8]. 

4.1. Representation of C/(0), complex polarization of g. The Clifford algebra 
CI{q) admits a representation p on the space of polynomials of m odd variables 
Fun(C°l'") = C[77^, . . . ,?7™]. This representation is defined on generators of Cl{g) 
as 






:7^{v^-f^T&) if« = 2p. 



In fact, p : Cl{g) -^ End(Fun(C°l™)) ^ End(C2'" l^" ) is an isomorphism of 
super-algebras. There is a natural identification 

: End(Fun(C"l"')) ^ Fun(C°l" ® C°l™) ^ €[77^, . . . , 77", 77I, . . . , 77™]. 

This is not an algebra morphism with respect to the standard algebra structure on 
polynomials. Instead, it takes the product of endomorphisms into the convolution; 
see [3], [8]). We are interested in the composition ^ — cjjo p : CI{q) — > Fun(C'^l™ © 
C°l™) which maps 

(75) $: J V'^P"^ ^ ^(r;P + 77P)e*S5'''*'' 

and sends the product in CI{q) into the convolution 

(76) $(a-/3) (772,771) = 

= ^" /n(^^i^'^2) *(d)(772,772) •e*^.'*^'"' •$(/3)(77i,77i). 

Formula (j76p is a key point in reconstructing the path integral from the operator 
formalism. Another useful identity is as follows, 

(77) Strci(g)(d) = ft" [U^DrjPDf^n e* ^.^'"^ • $(d)(77, ^). 

•^ p 
More generally, a representation of type (|74l) is associated to a choice of a linear 
complex structure J on g compatible with the pairing: 

J : — > g, J^ — — idg, (Ja, &) = —(a, J&) for a, 6 £ g. 
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It induces the splitting of the complexified Lie algebra gc = C ® g into "holomor- 
phic" and "anti-holomorphic" subspaces: 

(78) 0c = () © ^, 

where J acts on t),^ by multiplication by +i and —i, respectively. (Note that [} 
and f) are complex subspaces of gc with respect to the standard complex structure; 
bar in t) does not mean conjugation.) The subspaces t) are f) are Lagrangian with 
respect to the pairing (,). The complex Lagrangian polarization (|78p induces a 
polarization for the parity-reversed Lie algebra 

(79) n0 = n()©ni5. 

We denote coordinates on lit) by 77^, ... , 77'" and coordinates on 11^ hy fj^, ... , fj'^. 
The representation p : Cl{g) ~ Fun(ng) -^ End(Fun(n[))) sends quantized holo- 
morphic coordinates to multiplication operators and quantized anti-holomorphic 
coordinates to partial derivatives: 

Morphism ([75]) from CI{q) to the convolution algebra Fun(nf) © Ut)) is given on 
generators by 

^ f 77P.^7;Pe*^^ "'*'', 

and it extends to the other elements of CI{q) by the convolution formula ((75)) . 

We will use notation 7r,7r for projections from Hq to Hf) and Ht), respectively. 
We denote by t, I embeddings of Hi) and Hf) into Hg. 

4.2. One-dimensional Chern-Simons in terms of Atiyah-Segal's axioms. 

To a point with positive orientation we associate the vector super-space (the space 
of states) 

and to a point with negative orientation - the dual space 

-Hpt- = {Hpt^r = Fun(n^) - C[f]\ . . . ,7?-]. 
To an interval I — [pi, P2] we associate the partition function 
Z^ -.^ p{Zi) e Fun(ng © g) «) ■Hp+ © U,,- 

SE„d(W^,+ ) 

given by formula (pT|) in representation p (see equation ([71]) ). In general, to a one- 
dimensional simplicial complex G we associate the partition function (|60p of section 
13.2.11 taken in representation p: 

Z^ :- p®*(®) oZqE Fun(J'^"i'^) © (■Hpt+ © Hpt-f^^'^- 

The one-dimensional Chern-Simons theory features three types of operations: 

• To a disjoint union Oi U O2 corresponds the tensor product for partition 
functions. 

• To a sewing of boundary points p^ and p^ in a simplicial complex Q cor- 
responds the convolution of spaces of states H„+ and H„- . 

P2 Pi 
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• To a simplicial aggregation r : 6 — > 6' corresponds a fiber BV integral r* 
which reduces the space of bulk fields from J^q""^ to J^q""^. 

In addition, 'Hpt+ is equipped with an odd third-order differential operator 



dp = pi9):npt+^npt+, 

and Hpt- is equipped with minus its dual —{S^)* : Hpt- — > Hpt- ■ The partition 
function Zq satisfies the quantum master equation 

(80) (^A^""^ + h-^SP^)ZP^ = 0, 

where the "boundary BV operator" Sq is the sum over boundary points of of 
operators S^ or —{S^)* acting on the corresponding Hpt (depending on whether the 
orientation of pt is positive or negative) . 

Remark 21. 5^ is "almost" a coboundary operator: its square is proportional to 
identity: 

(81) (5P)2 = -^r^^r"- . idn^^^ 

(see [H]). This implies that the boundary BV operator for an interval 

6^=6"^ id«^^_ - idH^,+ [6")* ■■ npt^ ® -Hpt- -^ Hpt+ ® Upt- 

-End(«^,4.) -End(W^,+ ) 

squares to zero 

{5'^f = 
Cases when 5^ squares to zero (i.e. when j'^'-^cfo-bc _ q-j ^^^^ quite interesting as 
then the reduced space of states for a point W^^ emerges (see remarks [25l [34l [35] 
below) . 

Remark 22. The space of states 'Hp(+ can be viewed as a geometric quantization 
of the classical phase super-space Ilg (viewed as an odd Kahler manifold). The 
operator 5^ is the quantization of the Maurer-Cartan element (j4|); the operator 
h~^5^ is the quantization of the Hamiltonian vector field {0, •} on Ilg. 

Remark 23. Topological quantum mechanics (TQM) in the sense of A. Losev [12] 
assigns to an interval a manifold Geom (the "space of geometric data" ) and to a 
point — a vector superspace H endowed with an odd coboundary operator Q. The 
evolution operator U for an interval is a differential form on Geom with values in 
End('H) and has to satisfy the "homotopy topologicity" equation 

(82) (d + adQ)t/ = 0, 

where d is the de Rham operator on Georri. A standard class of examples of TQMs 
comes from choosing Geom — M>o (with coordinate t > 0) and setting 

(83) U{t, dt) = el'^'^l *+'^* ^ = g(<i+adQ)o(tG) 

where G is an odd operator on T-L. For instance, for the Hodge TQM |12j on a 
Riemannian manifold M, one sets % — il*(Af ), Q — d^j and G = d)^ — the Hodge 
operator on forms on M. For the Morse TQM [17], |9], one takes the same % and Q, 
but now G = i« is the substitution of the gradient vector field. The one-dimensional 
Chern-Simons theory on an interval can be viewed as a TQM: here Geom = g (with 
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coordinates A'^), T-L = Fun(nt)), Q = hr^5'^ . The odd Fourier transform in variable 
ij) of the partition function for an interval (j6ip is 

(84) [/(A,A) =p(e-Ar"=0"'4''V''=+A»V'"'\ ^g(rf+ri-iad,p)oR-V(A"^") 

where d — hX'^g^ is the de Rham operator on Geom. Note that the expression 
(|84l) is similar to (j83| where we make a substitution tG n> ?i~^p(A°?/'°). The 
quantum master equation (1681) is equivalent to 



(85) (d + n-^adi-p) C/(A,A) =0 

which is exactly the "homotopy topologicity" equation (|82]) . The peculiarity of the 
one-dimensional Chern-Simons theory viewed as a TQM is that S^ is not necessarily 
a coboundary operator on H. 

4.3. Integrating out the bulk fields. In section 13.2.21 we discussed simplicial 
aggregations which reduce the space of bulk fields of the 1-dimensional Chern- 
Simons theory J-'q""^ -^ J^q""^ according to combinatorial moves applied to the 
triangulation 9 — > 8'. It is interesting to consider the "ultimate aggregation" — 
integrating out the bulk fields completely. This procedure should yield the partition 
function in the sense of Atiyah-Segal {i.e. without bulk fields). We will denote it 
hyZ°. 

For an interval, we have 

(86) (ih)"' f Dip Zi{'4;,A) = e~^f'^"''^°''^'''l''' . 

We view (|5^ as a BV integral over the Lagrangian subspace 

(87) CA = {i' + A\ i' is free, A fixed} c J"!""^. 



This subspace depends on the value of A, and integral (|86)) also depends on A. 

However, this dependence is adg-exact: 

(88) 

g-^/->"(A+5A)^^=_g-J^r-^"A'r ^ i [0;e-^/""'^°-^''^^+**^"'^°]ci(B)+O(('5^)') 

(this can be checked analogously to the proof of lemma |4]). Therefore, we should 
understand the partition function Z^ as an element of cohomology of the operator 
adg (the fact that (I86p is ad^-closed is an immediate consequence of the quantum 
master equation ([68])). More exactly, Z^ is the class of Clifford unit 1 in adg- 
cohomology: 

(89) z^ = [i]eiJad,(CT(0)) 

Equivalently, in terms of representation p, we have 

(90) p(Z°) - [id«^^J e i/,p(End(Hp,+ ))- 

Remark 24. If the contraction of structure constants f"-bcjabc ^^^ ^ jg nonzero, the 
cohomology class ([89]). (|90l) vanishes since 

fahc fabc fy 
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In fact, whole cohomology group H^dg — Hgp vanishes since very ad^-cocycle a G 
Cl{g) is automatically exact: 

a.da{0-a). 



fabc fabc 

Remark 25. If f^-^'^f'^bc _ q^ ^^ ^^^^ define the reduced space of states for a point 
as the ^''-cohomology: 

^^11:+ := Hsp{Hpt+), Wpt- := H_(^sp)'{'^l-pt-) = CH'pt+y 

By Klinneth formula, we have 

(91) i?,P (End(H,,+ )) - n;f+ ® n;f- . 

The partition function (1901) is then represented by the identity operator 

^/7°\ . 1/rcd id 1/rcd 
P[^x) ■ ript+ ~^ rLpf+. 

For a circle, we can obtain the partition function Z%i (which is just a number) 
either as a Clifford super-trace of ([55)1 or as a BV integral of the effective action 
p3)) over the Lagrangian subspace (|87p . Either way, we have 

(92) Z|i = 

due to non-saturation of fermionic modes either in Clifford super-trace or in the 
Berezin integral over tp. 

4.4. Prom operator formalism to path integral. 

4.4.1. Abelian one- dimensional Chern-Simons theory. The one-dimensional abelian 
Chern-Simons theory associates to an interval X the unit of CZ(g) (here g can be 
viewed as a Euclidean vector space; the Lie algebra structure is irrelevant). The 
path integral arises upon applying the map (j75p to this trivial partition function: 

(93) $(i)(?yo«t, ?7m) = ^dii ■■■X)iVout,fjin) = 




n h"W7^kDf]k, 



•exp- {{r]out,r]N) + {ilN,r]N-i) + {vn-i,Vn-i) H h (?72,??2) + {m^Vi) + {vi^Vin}) 



J (Hh^'DrikDfik+i] -expM 



N ^ 

k=2 / 



For convenience, we set 771 := r/in, Vn '■— Vout a-nd introduced a notation 

(,7,,?):=^,7V- 

In the exponential of (|93p . N terms of type {rik,rjk) correspond to Clifford units, 
and A'^ — 1 terms of type {fik+i,r]k) correspond to convolutions kernels as in (|76p : 
the symbol DrjkDfjk+i is defined as Y\p{Dri^Dfj^_^-^^). Expression (|93)) corresponds 
to triangulating an interval by N smaller intervals; the terms in the exponential 
correspond to 0- and 1-simplices of this triangulation. In the limit N ^ 00, one 
formally writes (P5| as a path integral over paths 77(t), f]{T) with 77 at the right 
end-point and fj at left end-point of I fixed by the boundary conditions. 
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Lemma 5. 

(94) $(i)(77o«t, jy^n) = / VrjVf] ■ exp i f (77(0), ^(0)) + / {drj, f,) 

A perturbative computation of the path integral (IM)) is trivial: the integral is 
given by the contribution of the critical point 

?](t) = Tjout, v{t) = fjin for aU r e [0, 1] 

and yields 

It is instructive to write the integral (|94l) in terms of the field ip instead of fields 
•q, fj. For simplicity, we first choose a complex polarization (as in ()74p ) 

^ ^ I ^2p ^ _^(^P_j^P) ^ \f]P = ^(V'2p-l^-^2p) 

(this corresponds to the complex structure J on g which assigns ■0^^"^ as "real" 
coordinates and ■0^^ as "imaginary" coordinates on Ilg). We have, 



Y.'^kVl = J2^'^k'' V^, 



2p-l,/,2p 



X!'7fc+i< = 



p 

2p-l , 2p-l , , 2p ,2p ,2p-l,2p_ ,2p ,2p-l 



P P 



^2 ^'2 



Substituting these expressions into the integral representation ([93| for $(1), we 
obtain 



(96) <i>{i){fiout,mn) = J (ft"/'Cm) ( n (»^)"^V'fe J (ft^/'i^r^ 



/c=2 
-, /W-l _, Af-1 . 

1 / \-^ 1 , , , ^ \-^ \-^ I 



• «-p ft I E ^(^fc+i>fc) + E E ^(^'+T' - ^"r'Mli - ^T) 



\ k—l p k—1 

+E^^rv?^+E^V'rv^^). 
p p / 

Here Z3V'fc ■= lla^V'fc is the Berezin measure on Ilg; the variable V'l is constructed 
by formulae ([55]) from the integration variable 771 and the boundary value fji :— f\in, 
and TpM is constructed from the integration variable yy^r and the boundary value 
Vn := rjout- 

Remark 26. We think of integral ([M)) as corresponding to cutting the interval 
1 = [pin, pout] into iV intervals [pm,p2] U [p2,p3] U •■• U [pN^Pout]- Integration 
variables rjkjfjk+i are associated to the point pfc+i (more specifically, to the right 
end of interval [pfc,pfc-|_i] and to the left end of the interval [pfe-|-i,pfc-|_2], respectively); 
the boundary value fjin corresponds to the point pi„, the boundary value rjout — to 
the point pout- However, variables ipk are linear combinations of r]k and fjk- Thus, 
they are not associated to any single point, but rather to a pair of neighboring 
points (pfe,pfe+i). 
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Again, we formally write the limit N -^ oo oi the integral (|96|) as a path integral 
over paths ^ : X ^ Wq with a fixed anti-holomorphic projection of ip at the right 
end-point of the interval and a fixed holomorphic projection at the left end-point: 

Lemma 6. The path integral expression for the partition function of the abelian 
Chern-Simons theory on an interval is given by 

(97) <P{i){vout,mn) = [ v^- 



The exact meaning of the conditional measure on paths in (|97p is the formal 
N ^ oo limit of the measure in (|96l) . The second term in the exponential in ((96|) 
does not contribute to the limit N ^ oo: once we assume that tpk are values of a 
differentiable path iP{t) at times r — k/N, the contribution of this term becomes 
of order 0(l/iV). 

For a general complex structure J on g, path integral (|97|) becomes 

= / 2?V-expif^(V'(0),JV(0))+ /i(V,dV') + 7(V'(l),JV'(l)) 

Js(^(0))=f;,„, 7r(i/.(l))=j)o„t " \4 Jx ^ 4 

4.4.2. Path integral for the non-abelian one- dimensional Chern-Simons theory in 
the cyclic Whitney gauge. End of proof of theorem [H To obtain a path integral 
representation for the partition function of the one-dimensional Chern-Simons the- 
ory on an interval (I61|) we use the same strategy as in section 14.4.11 we cut the 
interval into N smaller intervals and then apply the map $ (1751) . The new point 
here is that for small intervals we have to use the "heat kernel" approximation 
which gives an exact result only in the limit N ^)- oo. 
Applying $ to Zx (|6T|) . we have 

(98) 

HZx){vout,f]^n) = y(zS)-'"DA.e-(^^'^).$ (cxp (-^{i'-. [^, V']) + {\4')]) Vouumn 

= y'(*n)-™m-e-(^^'^).$ nexp(^-^(V;,[A^]) + ^(A,^))) j iVouumn)^ 

• ^ (exp (-^(V^, [A ^]) + ^(^'^))) {Vouum) ■ e*^'^"^""-) . • • 

■•■e*<'^-''^> •<i>(^exp(^-^(^,[A^]) + ^(A,V^))) (r7i,^m). 

Next, we need to evaluate the partition function for a small interval in the limit 

iV^ oo: 

(99) $ ("exp (-^(V-, [AM + ^(^>))) i^^v) = 
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Here ijj is a linear conibination of 77, fj, prescribed by the choice of a complex struc- 
ture J (e.g. (|95l) ): the term with a trace appeared due to the following identity: 



Here the third term generates the trace term in (|99|) . Substituting the "heat kernel" 
asymptotics (|99l) into (|98|) . we get 



(100) $(Zl)(77o„t,77™) = 
.gitr(J■adA),^j-i{Vout.flN) + {flN,VN-l)■■■ + {fl2,Vl)+{Vl.fli,^)).g-2KN I2k = l(^k,lA;i>k])^Q j j _ 

Taking the limit N ^ 00, we obtain the following. 

Proposition 4. The Chern-Simons partition function for an interval is given by 
the path integral: 

(101) $(Zi)(77o„t,77,„) = e4*^(^-^d-^) / PV- 

Js-(i>(0))=f;,„, 7r(i/.(l))=j)„„t, J^dTi,{T)=i< 

■ exp i ^ i(^, (d + dr • adA)V') + |(V^(0), JV'(O)) + ^(V^(l), JV(1)) 

T/ie conditional measure on paths i}}{t) with a fixed holomorphic projection at t — 1, 
a fixed anti-holomorphic projection at t = and with a fixed integral over t in Iil01\) 
is the iV — 5- 00 limit of the measure in I1100\) . 

Applying concatenation formulae ([7St . d77|) to (|10ip . we obtain a path integral 
representation of the Chern-Simons partition function for one-dimensional simpli- 
cial complexes: 

Corollary 2. For a triangulated interval 6 = [pin, P2] U [p2, Ps] U • • • U [p„, pout] we 
have 

(102) 

^Ze){Vout,fi^n) = e^^-i itr(J.ad^J ^ p^. 

1 / /■ 1 i i 

•exp - ( / -(?A, {d + dr- adA)^j) + -{■^p{p^n), J^j{Ptn)) + ^(V'(pout), Ji^iPout)) 

For a triangulated circle S„ — [pi,p2] U • • ■ U [p„_i,p„] U [p„,pi], we obtain: 

(103) ^„^^ ^ e^fc=i 3*''('^-^'i-4j / 2?^ . g^L J^(^_(d+dT-adA)V)_ 
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Remark 27. Expression (|103p returns us to the "naive" path-integral ((37|) for the 
simphcial Chern-Simons on a circle, up to a somewhat puzzling factor e^*" i*-'^('^'^'^Ak ) . 
The explanation is as follows: the path integral in (|103p was obtained from the path 
integral with boundaries (|102l) by concatenation formula ([77)) . Hence, it is secretly 
using the normal ordering prescribed by the choice of a complex structure J on 
g (which dictates the regularization for the one- loop determinant in (I103p ). This 
implicit dependence on J is exactly cancelled by the factor e^* i^'^i-^'^'^^k' (indeed, 
we know that the left hand side of (|103|) is defined in terms of the Clifford algebra 
CI{q) and therefore cannot possibly depend on J). For the naive path integral (1571) . 
we implicitly assumed the symmetric normal ordering by making a regularization 
(|4ip in our computation of the one-loop determinant (the important point is that 
6{0) is a number, and not a matrix). 

Path integral representation (|103p returns us to perturbative computation of 
section 12.31 and thus finishes the proof of theorem [5] 

Remark 28. It is easy to compute (|10ip in the case of ^ = 0: 

(104) HZi\A=o)iVout,mn) = 2-™eM<w,^..)-2(w-^,^„.-r1))^ 

where fj^fj are holomorphic and anti-holomorphic components of the bulk field ip. 
We can also write (|104|) as 

where iptd — i-iVout) + ^{Vin) is the linear combination of boundary fields riout,Vin- 

4.5. Simplicial action on an interval. 

Proposition 5. The path integral for the Chern-Simons partition function on an 
interval il01\) is given by 



(105) ^{Zx{^.A)){T],uuf],n) = dcty^ ^^^^ . det-i/2M(ad^). 



V 2 



•exp - [ {Vout,Vtn) - 2 (^> ad^i/^) + -(??- Vout V - Vtn ) ■ Af (ad^) • f | _ ^°^* ) ) 
where the bilinear form Af(ad^) in basis {rj^ff) is represented by the block matrix 



R—j^R,, —1 — R — + R—j^R,,Rj\ — 



Here symbols R±± stand for blocks o/_R(ad^) (defined by formula i31\)) in the basis 

(107) i?(ad^) ^ (^ ^++ ^+- 

Proof. The path integral (llOip is Gaussian with a critical point iP''^{t) being the 
solution of 

(108) (d + dr adAW = const 
subject to conditions 

(109) /drV'=''(T) = Vi, 
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(110) ^(^'''■(1)) = Vout, 

(111) ^(^'''"(0)) - 77m- 

Equation (|108l) together with (I109p gives 

(112) r'^ir) = ^ + ^(ad^, r){r^{0) - ^), 

where F{adA, t) is defined by ((30|) . The vahie of the action (together with boundary 
terms) for this path is 

(113) Siip"'') + boundary terms = 

= -^(^,adAV;) - lii',r''i'L)-r'-m+l{v'''iO),mn) + l{Vouur\l)). 

Boundary values of ip'^'^ can be found as fohows: (|112p imphes that 

V'^'-(l) = (1 + i?(ad^))7/; - i?(ad^)^=''(0). 

Solving equation this together with (|110p and ()llip in coordinates (ry, fj), we obtain 
(114) 

riout \ / 1 + i?++ R+- \fv\_f R++ R+- \ ( ^^'■(0) 
^-(1) ; i^ i?_+ l + R^^)\fi) \R^+ R— )\mn 

Here 7f'^{Q) and r7'^''(l) are the unknowns. Solving (|114p . we get 
r?'='^(0) = ?7o„t + (l + i?;+)(77-?7o„t) + ^;+^+-(^-^»"), 

^""(1) = mn-R-+R+l{f}-Tiout)-{-i-R— + R-+R+lR+-){fi-mn)- 

By substituting into (J113p . we obtain the exponential in ()105p . 

The pre-exponential in (|105p can be derived as follows. We know that it is a 
function of A only (since it is a square root of a functional determinant of the 
operatoi[ij (Ia acting on functions with vanishing integral, vanishing holomorphic 
part at r = 1 and vanishing anti- holomorphic part at r = 0); let us denote it by 
G[A). Closing the interval into a circle (by using ([77| ). we find 

h^DrjoutDfj^n e*<''-''°->-$(Zx(^, A))(77o„t,77,„) = det'J^M{s.dA)-G{Aye-^^^'-''^ 



■4,) 



Comparing with the known result for a circle (jlSp . we obtain the pre-exponential 
in (ITU51) . D 

Remark 29. In this computation, we neglected the factor of e^*''^-^'^"^'*). If we did 
not, it would anyway be cancelled by the pre-exponential obtained by compari- 
son with (J13p (and this result is obtained by an explicit computation in operator 
formalism in section r3.1.3p . 

We can define the simplicial Chern-Simons action for the interval Sx{ip, A; rjout, Vin) 

by 

or explicitly 

(115) Sx{'ii),A;r]out,rjin) = 



''More exactly, the determinant of a matrix of the biUnear form /(•, (i^»). 
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= {Vout,Vtn) - 7;{i', adA-0) + 7: { V - Vout t) - mn ) • Af (adA) • ( = _ '^°"* ) + 

Remark 30. Expansion of (|115p as a power series in A starts as 
(116) Si{^p,A;r]ouf,rji„) = 

= -^{ipbd, J'ipbd)-i{'ipbd-ip, J(V'M-i/'))--^('07adA^)--(V'6d-V', JadAJ(V'6d-'0))+C(^^)- 

-ftmlog2 + ft— tr(JadA) + C(M2), 

where ?Am = t(77o«t) + '^(?7m)- 

We can obtain the action for a simpHcial complex Q by gluing actions ()115p for 
individual intervals using concatenation formulae ()76p . ()77p . E.g. for a triangulated 
interval 6 = [pi«, P2] U [p2, Ps] U • • • U [p„, po„t] we have 

/n—l 
fc=i 

•exp- (Sl{'lijn,An;riout,fjn) + {fjn, Vn-l) H h (f?2,f?l) + <5i(vii , Ai ; ?7i , ^j„) J . 

For a triangulated circle 5„ — [pi,p2] U • • • U [p„_i,p„] U [p„,pi], we have 
(118) 



/n 1 "■ 

k=l k=l 

Remark 31. Looking at formulae (J117p . (jllSp . it is tempting to identify {fjk+i,rik) 
as a simplicial action for the point pk+i- 

Remark 32. Formula (jllSp explains how the simplicially non-local expression (j42|) is 
produced from a simplicially local expression (the sum of contributions of individual 
intervals — the integrand in (|118l) ). The key is integration over boundary fields 
{Vk,fjk}- 

Let us introduce the notation fj^±± for structure constantO of g in the basis 
(119) 

(this is the same as in ([4]) rewritten in holomorphic-antiholomorphic coordinates 
on Hg). Then, the quantum master equation (|55| for the action (jllSp has the 
following form: 



(120) 



(J (J 1_ Q^(nU A-f, 'i^i\ J- / J- nnnr -n /i i- ''' ^nnr r, f, ^ '^ fPQQ V 



_^lS.i^,A;r,,r-,) ^ ^ ( Lfl^l^rjP^'^^^ + 'ljl^;_r^P^<^^ - 'Ifl-^^^ 



d^-dA- ' h\Q'+++' ' ' ' 2-'++-' ' dr^- 2- 



Here we mean the structure constants of the cychc operation (•, [•, •]) : A'^g 
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i-Si{i,,A-V.fl)_ 




M(ad^) = f ^^+^+1+ j , dety^Af (ad^) = det^(l + i?;^). 



IP'" ■nPn'^fi 



2-'+— a^P^^ ^U—V + qJ—VVVJ-^- 

Remark 33. The one-dimensional i3_F theory is a special case of the one-dimensional 
Chern-Simons theory where the complex polarization (1781) is compatible with the 
Lie algebra structure on g. In more detail, let f) in ((78)) be a Lie subalgebra, and 
let the Lie algebra structure on g be given by a semidirect product of f) with its 
coadjoint module f): 

In this case, formula (|115p for Sx simplifies: the block R^ in (J107I) vanishes, and 

the matrix M(ad^) (|106l) becomes 

R-+R++ -i-R— \ ^^,1/2, 

In (|119p . only the second term on the right hand side survives: 

(Here F^ are the structure constants of f); we distinguish between upper and lower 
indices to emphasize that we do not assume that t) comes with a pairing). So, the 
quantum master equation ()120|) is simplified; 

^'^'> ^Q^adA-^ ^ h\2P'>^ ^ dr^r 2P'>^)^ 

hy2 P'' dfjP dfji ''' 2 P^dfjPj 

(If in addition t) is unimodular, the last terms in brackets vanish.) Note that the 
result for BF theory that we obtain from (|115p cannot be directly compared to the 
result in [T3] as the choice of gauge fixing is very differential. 

Remark 34. Another interesting point about the BF case is that f°-'"^f'^''c _ q 
Hence, the operator S^ : 'Hpt+ -^ 'Hpt+ becomes a coboundary operator. If we 
assume in addition that () is unimodular, then {'Hpt+ , Sp) can be identified with the 
Chevalley-Eilenbcrg complex of Lie algebra [}. Thus, the reduced space of states 
associated to a point (see remark 1^5)) is the Chevalley-Eilenberg cohomology of (): 



w;,1 - HcEih)- 



Indeed, here we fix the field A to be constant on the interval, and we fix the integral »/> of 
field i/i over the interval, and the the holomorphic and anti-holomorphic projections of tp at the 
right and left end-points of the interval. The gauge used in |14| fixes 7r(A) to be constant, Tt{A) to 
be a sum of delta-functions at the ends of the interval; and it fixes the values tt(iP) at the ends of 
the interval and the integral for if (■;/>). The latter gauge choice features better simplicial locality 
properties, but is only f)-equivariant. 
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Therefore, the cohomofogy space 

(122) H^d.iClie)) ^ i?,P (End(?^pi+)) ^ HcE{i}) ® (i?CB(t)))* 

becomes non-triviaL In this case, the partitfon functfon Z^ can be understood as 
an identity operator acting on the Chevalley-Eilenberg cohomofogy Hce{^)- 

Remark 35. One can also view the one-dimensional version of the BF theory with 
cosmological term [6 as a special case of the one-dimensional Chern-Simons theory 
for Q — ()©()*, where t) is itself a quadratic Lie algebra, and the Lie algebra structure 
on g is given by 

(123) 9 = -FP'J'^'qPrj'Jfj'' + K-FP'J'^fjPfj'Jfi'^. 

2 6 

Here F^?'" are the structure constants of [} (in an orthonormal basis) and the pa- 
rameter K is the "cosmological constant". For Lie algebra g, we automatically have 
jabcjabc _ q^ g^^^ remark [^ applies in this case. 

Let us denote g with Lie algebra structure defined by (|123p by gBF,K- Then, 
one-dimensional Chern-Simons theories with Lie algebras gBF,K and [} are related, 
similarly to the 3-dimensional case [B]. In particular, for continuum action on the 
circle we have 

(124) S,,,Ji{7j)+m,L{A)+l{A))^ 

^ ^ ^ ^ ^ ^ 

ip A 

= TT- {St, (77 + K ?7, A + K A) - Sr, (77 - K ^, A - K A)) 

where t and I denote the embeddings of f), ()* into Qbf.k, and on the right hand side 
we implicitly use the isomorphism t) ^ f)* given by the pairing on f). Relation (jl24p 
implies the following relation for partition functions for triangulated circle S„ for 
Lie algebras gBF,K, and [}: 

(125) Zg,,^, H„ iUiVk) + m)}, {t(Afe) + r(A,)}; h) = 

= Zt,^E,S{Vk+K fik},{Ak + K Ak};2Kh)-Zi,^B.„i{rik~K fik},{Ak-K Ak};-2Kh). 

Remark 36. Another special case of a one-dimensional Chern-Simons theory can 
be constructed from a Lie bialgebra [}. Here we set g = () © f)* with the canonical 
pairing and with Lie algebra structure on g defined by 

Here F^ and C^ are structure constants of the Lie bracket and co-bracket on f). 
This is a one-dimensional version of the Lie bialgebra BF theory, cf. [13] (the 
underlying unimodular Lie bialgebra for continuum theory on circle is f) ® 17* (5^)). 
It does not seem to enjoy any particular simplifications with respect to the general 
case other than having a canonical complex polarization on q. 

Remark 37. The odd third-order differential operator in variables ip, A,r]outTVin 
that appears in (I120p endows the algebra of functions Fun(Hg ® g ® Hf) © H^) with 
a structure of homotopy BV algebra in the sense of Tamarkin-Tsygan [15) . In gen- 
eral, the same applies to Fun(jQ""*© (Hf))^*'^®' © (H^)^*'®)) for any 1-dimensional 
simplicial complex 9. If 6 has no boundary, this homotopy BV structure is strict. 
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